We consider the statistical properties of the local density of states of a one-dimensional Dirac equation in the presence of various types of disorder with Gaussian white-noise distribution. It is shown how either the replica trick or supersymmetry can be used to calculate exactly all the moments of the local density of states. Careful attention is paid to how the results change if the local density of states is averaged over atomic length scales. For both the replica trick and supersymmetry the problem is reduced to finding the ground state of a zero-dimensional Hamiltonian which is written solely in terms of a pair of coupled "spins" which are elements of u(1, 1). This ground state is explicitly found for the particular case of the Dirac equation corresponding to an infinite metallic quantum wire with a single conduction channel. The calculated moments of the local density of states agree with those found previously by Al'tshuler and Prigodin [Sov. Phys. JETP 68 (1989) 198] using a technique based on recursion relations for Feynman diagrams.
Introduction
In the presence of disorder mesoscopic systems such as quantum wires and quantum dots have electronic properties which are characterised by large sta-tistical fluctuations between different samples [1] . For example, the conductance of a typical sample can be quite different from the ensemble averaged conductance. A widely studied phenomena, both experimentally and theoretically, is that of universal conductance fluctuations: the root mean square of the conductance is of order e 2 /h (where e is the electronic charge and h is Planck's constant) and is independent of the strength of the disorder or the sample size [2] .
Field theoretical techniques based on supersymmetry and the replica trick have proven to be extremely useful in studying non-perturbative effects associated with disorder in non-interacting electron systems. Supersymmetry has been used to evaluate exactly the disorder averaged density of states for a one-dimensional Schrödinger equation with a random white-noise potential [3] , various random one-dimensional Dirac equations [4] [5] [6] [7] , and a number of models associated with the lowest Landau level of a two-dimensional electron gas in a high magnetic field [8] . The replica trick has been used to evaluate exactly the disorder averaged density of states of the same one-dimensional models involving the Schrödinger equation [9] , and Dirac equation [10, 7] . Non-linear sigma models based on either the replica trick [11] or supersymmetry [12] [13] [14] [15] have also proven to be extremely powerful tools for studying Anderson localisation in non-interacting electron systems. Supersymmetric spin chains describe the delocalisation transition associated with the quantum Hall effect [16] .
In a disordered electronic system static fluctuations in the local electric potential will produce statistical fluctuations in the local density of states. The corresponding probability distribution function was first studied by Al'tshuler, Kravtsov, and Lerner for the case of two and 2 + ǫ dimensions [17] . Their results were based on a perturbative renormalisation group analysis of the non-linear sigma model introduced by Wegner [11] . They found that near the mean value of the density of states the distribution function was Gaussian but slowly decayed with tails of logarithmically normal form. Near the metalinsulator transition due to Anderson localisation the distribution approached a logarithmically normal form for all values of the local density of states. Mirlin and Fyodorov [14, 15] have developed a supersymmetric formalism to calculate all the moments of the local density of states for a graded non-linear sigma model relevant to disordered systems in one, two, and three dimensions and a quasi-one-dimensional wire. A novel path-integral approach was used by Kolokolov to calculate the probability distribution function for the inverse participation ratio of both a finite and an infinite disordered one-dimensional system [18] .
Al'tshuler and Prigodin [19] evaluated exactly all of the moments of the local density of states for a one-dimensional metal. They applied the Berezinskii diagrammatic technique [20] to the microscopic Hamiltonian. From the moments it is straight-forward to construct the complete probability distribution function. They also showed that due to the resulting distribution in Knight shifts the distribution function could be related to the line shape of a nuclear magnetic resonance (NMR) line. With decreasing temperature and increasing disorder the line shape becomes increasingly asymmetric, with large differences between the average and typical values. Recently, the results of Reference [19] were generalized to the case of a finite-sized ring threaded by a magnetic flux [21] . Efetov and Prigodin have used the supersymmetry method to calculate the NMR line shape for a small metallic particle which corresponds to the case of zero dimensions [22, 23] .
Due to advances in nanotechnology it is now possible to experimentally test some of the theoretical predictions concerning fluctuations in the local density of states. Recent nuclear magnetic resonance experiments on monodisperse molecular metal clusters of platinum atoms have tested the theoretical predictions for zero-dimensions and find a broad asymmetric line but that the density of states fluctuations are obscured by additional contributions from surface effects [24] . Experiments have imaged the local density of states in a three-dimensional disordered metal (heavily doped GaAs) by measuring the differential conductance associated with resonant tunneling through impurity states in asymmetric double-barrier heterostructures [25] . Fluctuations in the local density of states were detected and found to be enhanced in a magnetic field [26] .
In this paper we show in detail how both the supersymmetry and replica trick methods can be used to derive all the moments of local density of states for a random one-dimensional Dirac equation. Balents and Fisher [6] recently used supersymmetry to evaluate the disorder-average of the one-particle Green function for a one-dimensional Dirac equation with a random mass. Bouquet [7] used group theory to simplify their analysis and also treated the problem using the replica trick. Our analysis extends their formalism to allow for the evaluation of the disorder average of products of Greens functions. This is explicitly evaluated for the case of a quantum wire. Our results agree with those of Reference [19] . However, in our view the field theoretic method used here is more transparent and less cumbersome than the Berezinskii technique.
In section 2 we introduce the model Hamiltonian, the one-dimensional random Dirac equation and briefly mention the different physical systems it is relevant to, ranging from quantum wires to random spin chains. In section 3 we introduce different forms of the local density of states and define the generalized participation ratios that are a measure of the spatial extent of localised wave functions. We show how the the moments of the density of states and the participation ratios are related to one another. These quantities can be expressed in terms of the disorder average of products of retarded and advanced Green's functions. Section 4 shows how these products of Green's functions may be written in path integral form. Either the replica trick or supersymmetry can then be used to evaluate exactly the average over disorder. One is then left with a one-dimensional interacting field theory. Section 5 shows how a transfer matrix approach can be used to reduce this to studying a zero-dimensional transfer Hamiltonian. For both the replica trick and supersymmetry this Hamiltonian involves a pair of "spin" operators from the non-compact algebra su(1, 1). Section 6 shows how the moments of the local density of states can be written in terms of the expectation value of components of these operators in the ground state of the transfer Hamiltonian. In section 7 we find the ground state for the particular case of the random Dirac equation corresponding to a quantum wire. This is then used to evaluate all the moments of the density of states. In section 8 we make some corrections to the moments of the density of states. In section 9 we use the moments of the density of states to calculate the distribution of the density of states.
The model
The one dimensional random Dirac equation Hamiltonian, h, for a relativistic particle with mass M in a magnetic field Φ and in a scalar potential V is a 2 × 2 matrix
The σ j 's are Pauli spin matrices. For constant Φ, M and V this model describes a one dimensional semiconductor when particles are near the Fermi energy with a narrow forbidden band. The Hamiltonian is a 2 × 2 matrix because it describes particles moving in both directions in one dimension. The wave function is of the form Ψ = (ψ ↑ , ψ ↓ ) where ψ ↑ and ψ ↓ correspond to right and left moving electrons, respectively.
The variables Φ, M and V are random variables with a one dimensional spatial dependence. We can separate each of these random variables into an average part and a random part
The random part of each of the three variables is assumed to have a Gaussian white noise distribution centred about zero. If D φ is the disorder strength of φ(x)
and similarly form(x) andṽ(x). The disorder strength ofm(x) andṽ(x) is D m and D v respectively. We shall use the general form of the Dirac equation shown in equation (1) up until section 7.
The random mass Dirac equation in a random magnetic field is when there is no scalar potential, V = 0. It also known as an incommensurate Dirac equation. The Green's function and localised density of states and has been calculated for this model [27, 28] . The incommensurate Dirac equation is equivalent to the random XX spin chain in a random magnetic field [29, 30] . In [6] Balents and Fisher consider a random mass Dirac equation where Φ = V = 0 so only M is non-zero. This is a commensurate Dirac equation [31, 4] . The commensurate Dirac equation is equivalent to the XY spin chain in a random transverse magnetic [29, 30] . Bocquet [7] considered a number different cases, the random mass model (like [6] ), the massless particle in a scalar potential (M = Φ = 0) and a multiple disorder model (m = φ = v).
In section 7 we shall consider the special case of the incommensurate Dirac equation. The average parts of M and Φ vanish, m = φ = 0, and there is no scalar potential, V = 0. We make the further assumption that the disorder strength of the mass and the magnetic field are equal, D φ = D m . This corresponds to a disordered quantum wire with a single channel.
3 The probability distribution function
The different density of states
The local density of states at the position x for a general one-dimensional system with Hamiltonianh is defined by
with eigenfunction ψ j and eigenvalue e j . The subscript Q indicates a quantum average (which uses the eigenfunctions as weights) rather than a disorder average. For a finite closed sample the electron states make up a discrete spectrum. However, the function ρ can only take on two values, zero or infinity. We can define a new and more appropriate density of states from [19] 
where f is some arbitrary weight. We define the density of states ρ 1 (η, E, x) as the density derived from the weight
where η is small, positive and real. This weight is equivalent to the Dirac delta function, δ(x), in the limit η → 0. To obtain the thermodynamic limit of ρ 1 , L → ∞, we take the limit η → 0. In the thermodynamic limit ρ(E, x) = ρ 1 (0, E, x).
A full one-dimensional wave function of the general one-dimensional system for states near the Fermi energy is related to the spinor Ψ = (ψ ↑ , ψ ↓ ) in the Dirac equation by
where ψ ↑ and ψ ↓ denote the amplitudes for right and left moving electrons, respectively. These amplitudes are slowly varying on atomic length scales of order k
F but the exponential terms vary rapidly over this length scale. The intensity of the total wave function is
Thus, the local density of states defined in equation (4) contains terms which oscillate rapidly over atomic length scales. We can define an alternative density of states that does not include these rapid oscillations
We can write an equation similar to (5) but withρ substituted for ρ
We defineρ 1 (η, E, x) as we defined ρ 1 (η, E, x), using the weight f η in equation (6) , but the former is obtained from equation (10) rather than equation (5) . We shall find, as did Al'tshuler and Prigodin [19] , that these two different local density of states have quite different probability distribution functions.
For the Dirac equation the Green's function is a 2 × 2 matrix. A component of the retarded and advanced Green's function matrix is defined as
where α and β are spin indices. In this paper we are interested in the trace of this matrix, G R,A (E, x, x) = Tr spin G R,A α,β (E, x, x). We shall refer to G R,A as the retarded or advanced Green's function. In terms of Green's functions the density of states is
Participation ratio
There are a number of different criteria to distinguish energy regions of extended and localized states of a particle in a random potential. The inverse participation ratio, P j , is the sum over all positions of the fourth power of the jth eigenfunction
The eigenfunction at position x is ψ j (x) with a corresponding eigenvalue e j and Hamiltonianh which acts on the wave function |x as follows
The inverse participation ratio is positive for localized states but vanishes for extended states in the thermodynamic limit. The participation ratio averaged over the ensemble (i.e. the random potential), P j , measures those sites which make a significant contribution to the eigenfunction normalization. The participation ratio is related to how much the wave functions extend through space. For localized states P j is nonzero. If the eigenstates are completely delocalized then P j vanishes for an infinite system.
Instead of considering P j which is for individual eigenstates of individual systems we consider the ensemble averaged quantity in a narrow energy window (spectral average) centred about the energy E
where the angled brackets refer to the average over the ensemble, or the disorder average. Once we take the disorder average of some quantity it will no longer depend on the position x. Hence, after summing equation (4) over all x and taking the disorder average we obtain
where 2L is the length of the system. Similarly, the average in the numerator of equation (15) does not depend on the position, x, so
We can generalise equation (17) to
where P (k) is the kth moment of the participation ratio. The first moment (k = 1) of the participation ratio is unity.
Moments of the local density of states
The kth moment of the local density of states, ρ 1 , is the disorder average of the kth power of the density of states, ρ 1 (η, E) k . We can write the kth moment of the density of states in terms of the density of states, ρ,
Wegner [11] showed that in the limit η → 0
The disorder average part is the kth moment of the participation ratio defined in equation (18) so the kth moment of the density of states is related to the kth moment of the participation ratio by
We can evaluate the integral over the weight function
so that
From equation (18) P (1) = 1, since the left hand side is ρ(E) . This agrees with the above equation in the thermodynamic limit since in this limit ρ 1 = ρ.
The general equation (5) for the density of states ρ f can be generalised to resemble equation (21) [19] 
The moments of the participation ratio are independent of the weight f . We can write a similar equation for the moments ofρ f by replacing ρ withρ in the above equation. The kth moment ofρ 1 can be written in terms of Green's functions by using equation (12) 
In this paper we calculate the Green's function correlator
This correlator enable us to calculate the moments of the density of states, ρ k 1 . By extending this method a little we can also calculate ρ k 1 . This allows us to calculate the moments of the participation ratio via equation (23) .
In section 7 we will calculate the moments of the local density of states, ρ 1 (η, E) k , for a random mass Dirac equation. In section 8 we find ρ 1 (η, E) k for the same model which gives the moments of the participation ratio, P (k) . Knowing the moments of the participation ratio we can solve equation (24) for ρ k f using a general weight, f . In section 9 we take f to be the derivative of the Fermi-Dirac distribution function.
Path integral form of products of Green's functions
A component of the advanced and retarded Green's function matrix at some position x and energy E is defined in equation (11) . Note that the retarded Green's function is the complex conjugate of the advanced Green's function. A solution for the Green's function can often be obtained by writing it in terms of a path integral. There are two standard ways to construct the path integral, the replica trick and supersymmetry. Both techniques allow the average over the disorder to be performed analytically.
Replica trick
To construct the replica trick path integral form of the advanced Green's function we firstly write it as a path integral over two complex variable, s and
The region of integration (−L, L) is over the length of the system. We shall later take the limit L → ∞. The retarded Green's function is the complex conjugate of the trace of the advanced Green's function
. (28) The dominator is Z, the partition function.
If the variables s and s * are replicated n times the advanced Green's function becomes
. (29) The dominator is now Z n . Thus, if we let n → 0 the denominator is unity and
This is one form of the replica trick path integral. A similar expression may be constructed for the retarded Green's function. There are other forms of the replica trick path integral which only differ in the placement of the complex number i, such as the form used by Bocquet [7] .
We shall now construct a replica trick form of a multiple of Green's functions. The jth power of the advanced Green's function is
and the jth multiple of the retarded Green's function is the complex conjugate of this. The product of the (k − j)th power of the advanced Green's function and the jth power of the retarded Green's function may be written as a path integral over four complex variables, s, s * , s ′ and s ′ * ,
If we replicate s n times and s ′ n ′ times then
The prefactor Γ(n)Γ(n ′ )/Γ(k − j + n)Γ(j + n ′ ) is derived in appendix A. When taking the limit n, n ′ → 0, as before, the denominator is unity and
Supersymmetry
The supersymmetric path integral form of the advanced Green's function is an integral over two complex variables, s and s * , and two Grassman variables, ξ and ξ * [32, 12] ,
Unlike the replica trick no denominator corresponding to a normalization (or partition function) appears because the unwanted contributions from the complex and Grassman variables cancel. The Grassman variables are introduced for this reason. As stated before, the retarded Green's function is the complex conjugate of the advanced Green's function. The jth multiple of the advanced Green's function is
j can be written in terms of a supersymmetric path integral over eight variables [12] 
The transfer Hamiltonian
We now briefly review the transfer matrix method [33, [3] [4] [5] which can be used to reduce a one-dimensional field theory into a zero-dimensional Schrödinger-type equation. We wish to calculate the disorder average of a product of Green's functions,
We have shown in the previous section that this average is of the form
where S is some action and x is a spatial variable. For the replica trick
and for supersymmetry
The action is defined as the integral of the Lagrangian
All the disorder is contained in the Hamiltonian, h, which is contained in the exponential term e −S(X) . If we have a random Gaussian variable, V , which has an average value v and disorder strength D v and g is some non-random function then the average may be taken by using [4, 5] 
Once we have taken the disorder average we can find a Hamiltonian, known as the transfer Hamiltonian [3] [4] [5] , from the disorder averaged Lagrangian. If we have a coordinate q and a momentum p the transfer Hamiltonian is
A path integral is a sum over all possible configurations. We can rewrite the path integral of φ S as such a sum. The continuous interval (−L, L) can be written as a regular lattice with spacing α so that there are 2L/α + 1 sites. The value of the variable X at site x is X x . Because of periodic boundary conditions X −L = X L . The path integral is now an integral over the variables
where most of the integrals are hidden inside the functions K which may be thought of as propagators. Note that the φ inside the integral longer has any spatial dependence because we have already taken the disorder average.
From a propagator such as K we can define a set of eigenfunctions, Ψ mL and Ψ mR . The two eigenfunctions, Ψ mL and Ψ mR , are left and right eigenfunctions respectively. We need to distinguish between the two because the transfer Hamiltonian need not be Hermitian. The right eigenfunctions and propagator should satisfy an equation of the form
Using Feynman's transfer matrix technique [33] we take x = y + α and find a Schrödinger-type equation for Ψ mR :
where H is the transfer Hamiltonian defined in equation (43). The left eigenfunction satisfies a similar equation. We can define some eigenstates, E m , such that HΨ mR = E n Ψ mR and Ψ mL H = E n Ψ mL . We define the eigenfunctions to be orthonormal so that
A propagator can be written in terms of its eigenfunctions and eigenstates
We substitute this into equation (44) and using the orthonormality of the eigenfunctions obtain
where we have defined |Ψ m | 2 = Ψ * mL Ψ mR .
We shall now derive an equation of the above form for the Green's function correlator
We obtain both a replica and a supersymmetric version. The equation can be further simplified in the limit L → ∞.
Replica trick
Since the Hamiltonian, h, for the random Dirac equation (1) 
By substituting the Dirac Hamiltonian (1) into equation (34) we can obtain the action
The coordinates are
and so we can calculate the momenta
To obtain the transfer Hamiltonian the action needs to be transformed into the form of a coherent path integral [6, 7] 
and
The transformation of the primed terms is identical. The coordinates and momenta in terms of these new variables are
The transformed action is
At this stage we take the ensemble average of the action using equation (42).
After averaging over the disorder we can find the transfer Hamiltonian [3] [4] [5] . From equation (43) the transfer Hamiltonian is
where
Note that the transfer Hamiltonian does not depend on the spatial coordinate x making it a zero-dimensional equation. We can define some ladder operators
and similarly for Z ′ ± . The vector Z satisfies su(1, 1) commutation rules [7] [
and also (Z
We define the mth eigenstate of the transfer Hamiltonian as E m with corresponding eigenfunction Ψ m . Since the transfer Hamiltonian need not be Hermitian the left and right eigenstates may be different. After undergoing the transformation in (54) the disorder average of equation (34) in terms of E m and Ψ m is [3-5]
The partition function for n, n ′ → 0 is defined as
and when deriving equation (34) we showed that Z 0 = 1. After transforming as shown in equation (54) the disorder averaged partition function in terms of E m and Ψ m is
As the system becomes infinite in length, that is L → ∞, the exponential term, e −2LEm will vanish for all positive energy levels. In the the disorder averaged partition function the dominant term is the ground state energy term
which may alternatively be written as
where |Ψ L and |Ψ R are the left and right ground state wave functions respectively with ground state energy E 0 . As stated above this average partition function must be unity so E 0 = 0 and
Hence, to calculate the Green's function correlator in the limit of an infinite system we need only calculate the ground state of the transfer Hamiltonian, H. After taking the L → ∞ limit of (61) and using equation (58) to write it in terms of Z and Z
From equation (25) the kth moment of the local density of states,ρ 1 , is
Supersymmetry
We substitute the Dirac Hamiltonian (1) into equation (37) to get the supersymmetric action
If we define the coordinates as
the momenta are
As in the replica case we need to transform this action. We shall use the same transformation as Bocquet [7] rather than the transformation used by Balents and Fisher [6] 
The negative sign in the transformation of the Grassman variables is because for any Grassman variable (ξ * ) * = −ξ. In terms of the new variables the coordinates and momenta are
We take the average over the disorder as described in equation (42). Following Bocquet [7] we define two superspins with three components
Both these superspins satisfy su(1, 1) algebra like Z ′ and Z in equations (60). We can write the transfer Hamiltonian in terms of components of these two superspins
Note that the transfer Hamiltonian, like the transfer Hamiltonian of the replica trick, is independent of the spatial coordinate x. We can decompose the superspins, J = J + S, into fermionic, S, and bosonic, J, parts
The J, J ′ , S and S ′ all satisfy the su(1, 1) algebra. In terms of b, b ′ , f and f
We can construct an integral like equation (61). The supersymmetric version of this equation has, in addition to the integrals over the complex or bosonic variables, b, b ′ , b † and b ′ † , integrals over the Grassman or fermionic variables,
The mth eigenstate of the transfer Hamiltonian, Ψ m , has a dependence on the fermionic variables as well as the bosonic variables. Like the replica trick we can define a disorder averaged partition function which is set to unity. When we take the limit L → ∞ we obtain the supersymmetric equivalent of equation (67)
where, like the replica trick, |Ψ R and |Ψ L are the right and left ground state wave functions of the transfer Hamiltonian with ground state energy E 0 = 0. From equation (25) the kth moment of the local density of states,ρ 1 , is
The first moment of this local density of states is
If we take the limit η → 0 this equation should be equivalent to equation (9) . Using equation (78) we can relate ψ ↑ and ψ ↓ to the bosonic variables b and b ′ . To find the moments of the full local density of state, ρ 1 , rather thanρ 1 , we must include the rapidly oscillating terms in (8) . This means that instead of J z in equation (80) we have J z + 1 2
J − e 2ik F x , and similarly for J ′ z . So,
Note that when this is expanded out terms involving J + J ′ − and J − J ′ + can produce contributions to the moment that are slowly varying in space. This argument to find ρ k 1 is also valid for the replica trick. We used supersymmetry rather than the replica trick because the notation is simpler.
6 The ground state
Replica trick
Bocquet [7] has calculated the ground state for the transfer Hamiltonian associated with the one-particle retarded Green's function. This ground state is a linear combination of the basis states {|p }
This basis set is infinite due to the non-compactness of u (1, 1) . The basis states are generated by a raising operator
where |Ω is the lowest basis state. The basis states are orthogonal with norm
As n → 0, p|p = δ 0p . Bocquet's Z is identical to the Z ′ in this paper.
We use the same general form for the ground state of our transfer Hamiltonian but summed over an additional variable
The non-primed terms are related to the advanced Green's function and the primed terms are related to the retarded Green's function. The primed term should act in the same way as Bocquet's variables and the non-primed should act like complex conjugates.
We construct some raising and lowering operators, 
and, since the non-primed terms act like complex conjugates of the primed terms, the action of
The state |Ω, Ω ′ is the lowest vector in this representation. Alternatively, we could have Z + generating the basis states since (
The vector Z ′ operates on the |p, p ′ basis state in the following way
and for Z operating on p,
The scalar products of these states can be calculated by using, for example,
The norm is
Note that Z and Z ′ commute. In the limit n, n
Similarly, it can also be shown that the scalar product of |p, p ′ and |q, q ′ with p = q or p ′ = q ′ vanishes, assuming p, p ′ |Ω, Ω ′ = 0 if p = Ω and p ′ = Ω ′ . Hence, the basis states are orthogonal.
As discussed previously, because the transfer Hamiltonian isn't Hermitian the left wave function is not the Hermitian conjugate of the right wave function. The Hamiltonian and its Hermitian conjugate are related by the transform R = exp(iπ(Z z + Z ′ z )) [7] . The left and right ground state wave functions are related by this same transform
Using equation (93) and the orthogonality of the basis states
As n, n ′ → 0 this reduces to
so we can make our normalization condition |ζ 00 | 2 = 1, in agreement with equation (66).
Using equations (90), (91) and (96)
Thus, by substitution into equation (67),
If we can find the ground state of the transfer Hamiltonian we can calculate all the ζ pp ′ and hence we have calculated the Green's function correlator. We will calculate ζ pp ′ for a special case of the Dirac equation corresponding to a single channel quantum wire in section 7.1.
Supersymmetry
The bosonic parts of the superspins, J and J ′ , are defined in exactly the same way as the Z and Z ′ used in the replica trick calculation when n = n ′ = 1. So, J and J ′ satisfy all the same equations as Z and Z ′ when we set n = n ′ = 1 in all the replica trick calculations. Like the replica trick we have a bosonic wave function |p, p ′ but here we will use the notation |p |p ′ ′ . This bosonic wave function is not affected by the fermionic operators S and S ′ . From equations (90) and (91)
The fermionic operators, S and S ′ , are like spin operators. There are two spin up states and two spin down states and the fermionic operators operate on them as follows
where S ± = S y ∓iS x and S on the spin up has the opposite sign from usual. This is due to the Grassman variables which make up the spin operators. For the same reason it can be shown that (
Balents and Fisher [6] show that the basis state for the non-primed bosons and fermions is
and similarly for |p ′ R . The total basis state combines primed and non-primed parts and is written as |p R |p ′ R . The left basis state for |p R is
and similarly for |p
As discussed in Bocquet [7] the norm of the lowest basis state, |0 R , can be taken to be unity
Since the |p 's are orthonormal the norm for the down spins must be unity. The up spin can be defined in terms of the down spin:
This allows us to write the norm of the up spin as
which can be evaluated using the spin rules of equation (102). We can calculate the norms of the primed spins in the same way. The norms for all the spin states are
The total left and right wave functions are created by summing over all the basis states
Using the rules given above and the normalization condition on the wave function it can be shown that
Combining equations (100) and (102) we obtain the following equations for J and J
These are exactly the same as Z and Z ′ for the replica trick for n = n ′ = 0.
To calculate (79) we require
This expression can be expanded using equations (102) and (111) and by using 7 Evaluation of the moments of the local density of states
We shall now evaluate the moments of the local density of states for a specific case corresponding to a disordered quantum wire with a single channel. We
Solution of the ground state wave function of the transfer Hamiltonian
The replica trick transfer Hamiltonian (57) with
The supersymmetric transfer Hamiltonian (76) has a similar form but with the vectors Z and Z ′ replaced with the superspins J and J ′ . Also, as can be seen by comparing equations (90) and (91) with equation (111) the operation of Z on the replica ground state with n = n ′ = 0 is identical to the operation of the J on the supersymmetric ground state. Hence, the ground state eigenvalue equations must be identical when we take n and n ′ to zeroth order in the replica ground state. We shall calculate the zeroth order replica ground state here and use the same ground state in the supersymmetry calculations.
If substitute the transfer Hamiltonian into
using, for example,
we obtain
This equation implies that ζ * pp ′ = ζ p ′ p which implies that ζ pp is real. If we assume that ζ pp ′ = δ pp ′ ζ pp then
Note that this equation is the same as equation (47) in Reference [19] which was obtained using the Berezinskii technique. We define a new variable x = ηp/D. As p increases to p + 1 x only increases by η/D. It is reasonable to assume that η ≪ D so we can take x to be a continuous variable. If ζ pp = ζ(x) we obtain the following differential equation of ζ in terms of x
which has the general solution
where a ′ and b ′ are constants. In terms of p
where a and b are constants.
Boundary conditions require that ζ remains finite for all p so we must have b = 0. We can find the other constant of integration, a, by the normalization condition on the ground state. The normalizing condition is |ζ 00 | 2 = 1. We also know that ζ 00 must be real so
which gives
Hence
Supersymmetry
To calculate the moments of the density of states from supersymmetry we substitute equation (126) 
Moments of the full density of states
We showed at the end of section 5 how to calculate the moments of the full density of states, ρ k 1 , described by equation (82). We require these moments rather than the moments of the density of states which removes the rapidly varying terms, ρ 
A similar expression may be written for the additional non-primed terms. We have ignored that fact that the components of J ′ do not commute since, as will be shown, the terms arising from interchanging the components are negligible.
Now we can neglect those terms which contain rapidly varying exponentials. We retain those terms for which q = k − l − m − r. However q must be in the range [0, r] . This places a restriction on l
The above sum is now
We need to calculate something of the form L Ψ|J ′a
To get insight into how this is done we first evaluate
where we have used ζ pp ′ = δ pp ′ ζ pp . As η → 0 the sum is dominated by terms with large p (since ζ pp is proportional to η) and so we retain just those terms with the highest power of p which is p a+b+c−1 . This is why in equation (133) we can swap the components of J ′ around, because the extra terms are a smaller power of p than p a+b+c−1 which become negligible as η → 0. The simplified result is
When we include both the primed and non-primed terms we obtain
Substituting these identities into equation (82) gives
The sum over p can be evaluated as in the previous section using equation (126) and (128).
The sum over j, m, r and l can be rewritten as [23] 
If we write the kronecker delta as
and rewrite the sum over l ′ as a sum over q = l ′ − k − m + 2r it can be shown that
by making use of equation (131). The integral can be evaluated after a binomial expansion. After integration the resulting sum may be simplified using Maple 5.1 so that
The moments of the total density of states is thus
This agrees with equation (68) in Al'tshuler and Prigodin [19] although we have an additional factor of 1/π k , as discussed previously, due to different scaling of the density of states. Using equation (23) we can use the moments of the density of states in equation (145) to calculate the kth moment of the participation ratio
where we have used ρ = lim η→0 ρ 1 = 1/π.
Probability distribution function
The moments of the participation ratio may be used to find moments of density of states, ρ k f , which are derived from some arbitrary weight f as defined in equation (24) . The probability distribution function of any local density of states, W (ρ f ), may be obtained from these moments of the density of states by the following [19] 
The cumulants are defined by
Solving equation (147) for W requires an inverse Laplace transform.
Following Al'tshuler and Prigodin [19] we now summarise how one can construct a density of states which is related to the NMR line shape. In a metal the NMR line undergoes a frequency shift, known as the Knight shift, which is proportional to the local density of states derived using (5) with weight
This weight is the derivative of the Fermi distribution function, n F , about the Zeeman splitting gµ e H. The Fermi distribution function is
where ǫ F is the Fermi energy. The density of states derived from this weight within the region T ≫ gµ e H will be defined as ρ 2 (T, ǫ F ). In this high temperature limit
The local density of states, ρ 2 , fluctuates throughout the sample. Hence, the Knight shift also fluctuates. The net result of these various Knight shifts is a broadening of the NMR line shape. If the relaxation rate is of the sample is less than the Knight shift the NMR line shape is fully determined by the superposition of all the local Knight shifts. This is proportional to the distribution of the density of states, ρ 2 .
By substituting equation (146) and (151) into equation (24) we find the moments of this new density of states are
where we have used [34] ∞ −∞ dy cosh −2k y = 2 Γ(k)Γ( .
The sum in equation (147) is dominated by the large k terms. If k is large we can assume that the kth cumulant is approximately equal to the kth moment Fig. 1 . The probability distribution function, equation (155), for a number of different values of s = 2T /πD. For large s (high temperature and low disorder) the distribution is symmetric so that the typical value of the density of states is the same as the average value. As s decreases (low temperature and high disorder) the distribution becomes skewed and there is a marked difference between the typical and the average value of the density of states. This probability distribution can be related to the NMR line shape.
of the density of states
After substituting the moments shown in equation (152) 
where s = 2T /πD in our notation but s = 16T τ /π in Al'tshuler and Prigodin's notation. The relationship between the disorder strength, D, and the scattering time, τ , is 8τ = D −1 .
The probability distribution function at large temperature of the density of states, ρ 2 , is plotted in figure 1 for a number of values of s. Note that for s ≤ 1 the distribution is quite asymmetric and the typical (most probable) value is significantly less than the average value. We have set various constants to unity, such as the Boltzmann constant, k B , the Fermi velocity, v F , andh. If all these constants are included we find that near the Fermi energy s = 2k B Thv F /πD or, in terms of the mean free path, l = v F τ = (hv F ) 2 /8D, we have s = 16k B T l/πhv F = 6.67 × 10 11 T l/v F . If we have a sample with a mean free path of 1 µm and a Fermi velocity of v F = 1×10 6 ms −1 then some skewness in the NMR line shape should be observable when the temperature is 1.5 K or less (s ≤ 1).
Conclusion
We have presented a general formalism to calculate exactly the disorder average of a product of Green's functions, G
A (E, x, x) k−j G R (E, x, x) j , for the random Dirac equation using both the replica trick and supersymmetry. This extends the formalism developed recently to calculate the disorder average of one Green's function using the replica trick [7] and supersymmetry [6, 7] . The problem is reduced to that of finding the ground state of a zero-dimensional Hamiltonian involving a pair of "spins" that are elements of u (1, 1) . The moments of the different density of states can be written in terms of the expectation values of various "spin" operators in this ground state. We explicitly found this ground state wave function and the associated expectation values for the case of the Dirac equation corresponding to a disordered quantum wire with a single channel. The non-compactness of u(1, 1) played an essential role in the results. We showed how the moments of the local density of states changed when it was averaged over atomic length scales. Our results for the moments agree with those obtained previously by Al'tshuler and Prigodin [19] using the Berezinskii diagram method. In our view, our derivation is more transparent from a field-theoretic point of view. Future work should focus on finding the ground state of the transfer Hamiltonian corresponding to more general random Dirac equations, particularly those associated with quantum phase transitions in random spin chains. we can evaluate the integrals over the θ's and the φ (since F (x 2 l ) = F (r) has no dependence on the θ's or the φ) and we are left with [35] I N = π 
